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Abstract. We study compactifications of the moduli space of a plane cubic curve marked by n labeled
points up to projective equivalence via Geometric Invariant Theory (GIT). Specifically, we provide a complete

description of the GIT walls and show that the moduli-theoretic wall-crossing can be understood through
analysis of the singularities of the plane curves and the position of the points.

1. Introduction

Compactifications of the moduli space of smooth curves of genus g ≥ 0 with n distinct marked points are
a central theme in algebraic geometry. We know nowadays that there are many such compactifications whose
boundary are controlled by a variety of combinatorial structures [Has03],[Smy13], [BKN23], [Pan95], [Swi08],
[GS11], [Jen13], [GJM13]. For example, the boundary of the Deligne-Mumford compactifications Mg,n are

understood via dual graphs and tropical geometry [Cap18] whereas the Hassett compactifications Mg,w use
weights to determine which points can collide in the boundary [Has03]. There have been recent efforts to
understand all modular compactifications, in the sense of [Smy13], and to describe the combinatorial gadgets
that govern their boundary [BKN23].

In this work, we focus on plane curves of degree d ≥ 0 marked by n weighted points. Our work follows
the previous work of Giansiracusa and Simpson for genus zero [GS11] and Jensen for the case of one point
[Jen13]. We describe our set up next: Let Cn,d be the parameter space whose points correspond to tuples
(C, p1, . . . , pn) of a degree d curve C ⊂ P2 and n closed points of C. When we restrict to the locus Cgen

n,d of

smooth curves marked with generic points, then there is a quasi-projective variety Cgen
n,d //SL(3) whose points

correspond to isomorphism classes of pairs (C, p1, . . . pn) (Lemma 3.1). We use variation of GIT (VGIT)

quotients to construct compactifications of Cgen
n,d //SL(3), which we denote byM

git

g(d),w, where g(d) =
(d−1)(d−2)

2

is the genus of a degree d plane curve. The construction depends on a line bundle L obtained from the Hilbert
scheme of curves and the n points, as described in Section 2.3. Given such a line bundle L, if it is nef we
can associate to it a tuple of non-negative integers (γ,w1, . . . , wn) ∈ Zn+1

≥0 . As in similar settings, we will see
that γ can be interpreted as a weight on the curve and the wi as weights on each point pi. Our first theorem
describes the line bundles that give rise to a well-defined coarse moduli space of marked plane curves. That
is, the SL(3)−ample cone is the set of classes of line bundles w = [L] in NSSL(3)(Cn,d)Q such that the locus
of L semi-stable marked curves is non-empty, Css

n,d(L) ̸= ∅ (Definition 2.2).

Theorem 3.2. The SL(3)−ample cone for Cn,d is{
(γ,w1, . . . , wn)

∣∣∣∣ wi ≤
W + γ(2d− 3)

3
, wi ≤

W + γ(d− 2)

2
, wi + wj ≤

2W + γd

3
, 0 ≤ wi, 0 ≤ γ

}
,

where W =
∑n

1 wi denotes the total weight of the points.

Our results generalize [Jen13, Prop 4.2], which solves the problem for a point and arbitrary degree, and
[GS11, Thm 1.1], which solves the case of d = 2 and arbitrary n. We prove Theorem 3.2 in Section 3.1.

For our second result, we focus on degree d = 3 and classify all GIT quotients for marked cubic curves.
This is possible because we can list all degenerations of a plane cubic, whereas a similar result for arbitrary
degree is out of reach due to the lack of such a classification. To describe our theorem, we recall the wall and
chamber decomposition of the SL(3)-ample cone ([DH99], [Tha96]): The SL(3)−ample cone is divided by
codimension 1, locally polyhedral GIT walls into a finite set of polyhedral chambers such that the semistable
loci Css

n,d(L) and Css
n,d(L

′) are equal if and only if L and L′ lie in the same chamber [Tha96, Thm 2.3]. To

each wall we associate a closed SL(3) orbit which is strictly semi-stable on the wall. The plane curves with
closed orbit associated to each wall have positive dimensional stabilizer [DH99]. In the cubic case d = 3,
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such curves belong to a relatively small list; see Lemma 2.15. The proof of Theorem 5.1 is given in Section
4. We illustrate the chamber decomposition for n = 2 in Figure 1.

Theorem 5.1. For degree d = 3, there are four types of inner walls of the SL(3)−ample cone, described
below. The walls are segments of hyperplanes defined in Table 1. If the hyperplane segment intersects the
interior of the SL(3)−ample cone then it is a GIT wall and all inner GIT walls are of this form.

(i) For each nonempty, proper subset I ⊂ [n] there is a hyperplane segment W (3A1, I) associated to
the union of three non-concurrent lines C(3A1) with points pi, i ∈ I supported at a node.

(ii) For each proper subset I ⊂ [n] there is a hyperplane segment W (A2, I) associated to the cuspidal
curve C(A2) with points pi, i ∈ I supported at the cusp.

(iii) For each ordered pair of disjoint subsets I, J ⊂ [n] there is a hyperplane segment W (A3, I, J)
associated to the union of a conic with a tangent line C(A3) with points pi, i ∈ I supported at the
tacnode, and pj , j ∈ J supported at the unique linear component of the curve.

(iv) For each subset I ⊂ [n] with |I| ≤ n − 3 there is a hyperplane segment W (D4, I) associated to the
cone over three points C(D4) with points pi, i ∈ I supported at the singularity.

Hyperplane
Segment

Hyperplane Boundary Conditions

W (3A1, I)
∑

i∈I wi − 1
2

∑
j /∈I wj = 0 wm ≤ 1

2

∑
j /∈I wj + γ, for each m /∈ I.

W (A2, I)
∑

i∈I wi − 4
5

∑
j /∈I wj +

3
5γ = 0

∑
i∈I wi ≤ 1

2

∑
j /∈I wj .

W (A3, I, J)
∑

i∈I wi −
∑

k/∈I∪J wk + γ = 0
∑

i∈I wi − γ ≤
∑

j∈J wj ≤
∑

i∈I wi + 2γ .

W (D4, I)
∑

i∈I wi − 1
2

∑
j /∈I wj +

3
2γ = 0 There exists a partition B1⊔B2⊔B3 of {1, . . . , n} \ I

such that
∑

j∈Bk
wj ≤

∑
i∈I wi + 2γ for each k ∈

{1, 2, 3} .

Table 1. The walls in Theorem 5.1 are given by intersecting the vanishing locus of a
hyperplane with a set of points that cut out the boundary of the wall. The above hyperplane
segments are GIT walls if they intersect SL(3)−ample cone.

We illustrate Theorem 5.1 for plane cubics with two marked points in Corollary 6.2 and Figure 1.
Next, we discuss the wall-crossing phenomenon for our problem. We recall that given an inner wall, there

exists a linearization L0 at the wall, linearizations L+ and L− at each chambers adjacent to the wall, and
configurations of marked curves that are stable for L+, strictly semistable for L0, and unstable for L−. We
want to describe the generic configurations of marked curves that transition from stable to unstable when
crossing each GIT wall from Theorem 5.1. For this purpose, we recall that each of our walls is associated to a
curve C(T ) and one (or two) subsets of [n]. Let S(T, I,+) be the generic curve that satisfies two conditions:
it is stable when the value of the linear function defining W (T, I) (Table 1) is 0 < ϵ ≪ 1 and the boundary
conditions are satisfied, and it is unstable whenever the value of the linear function is negative. Conversely,
S(T, I,−) denotes the generic curve that is stable when the value of the linear function defining W (T, I)
is −1 ≪ ϵ < 0 and the boundary conditions are satisfied, and is unstable whenever the value of the linear
function is positive.

Theorem 5.2. With notation as above, the changes of stability and semi-stability for marked curves when
crossing the walls from Theorem 5.1 are described as follow:

(i) Case of plane cubics with a nodal singularity
• S(3A1, I,−) is an irreducible nodal curve with marked points pi coinciding at the A1 singularity
for i ∈ I and the remaining marked points in general position.

• S(3A1, I,+) is the union of a conic and a transverse line, with marked points pj lying in general
position on the linear component for j /∈ I.

(ii) Case of plane curves with a cuspidal singualrity
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Figure 1. (Left) The linearization polytope ∆(C2,3). (Right) The locus of line bundles at
which marked curves (C, p1, p2) with the following pathologies are stable: A) p2 supported
at a node. B) p2 supported at a cusp. C) C is cuspidal. D) p1 is supported on a linear
component of C. E) p1 and p2 are both supported at inflection points. F) p1 and p2 collide.

• S(A2, I,−) is an irreducible cuspidal cubic curve with marked points pi coinciding at the A2

singularity for i ∈ I.
• S(A2, I,+) is a smooth cubic curve with marked points pj coinciding at an inflection point for
j /∈ I.

(iii) Case of plane cubic with a tacnode
• S(A3, I, J,−) is the union of a conic with a tangent line with marked points pi coinciding at
the A3 singularity for i ∈ I and pj lying on the tangent line for j ∈ J .

• S(A3, I, J,+) is a smooth cubic curve C with marked points pk coinciding for k /∈ I ∪ J and
marked points pj coinciding at the transversal intersection of C with the line tangent to C at
pk for j ∈ J .

(iv) Case of a plane cubic with a D4 singularity
• S(D4, I,−) is three concurrent lines with marked points pi coinciding at the D4 singularity for
i ∈ I and the points indexed by B1, B2, and B3 lying on the three lines, respectively.

• S(D4, I,+) is a smooth cubic curve with the points indexed by B1 coinciding at a point q1, the
points indexed by B2 coinciding at a different point q2, and the points indexed by B3 coinciding
at a third point on the line q1q2.

See Figure 2 for an illustration of the walls.

Next, we discuss some applications of our results. Their proofs are given in Section 6. In his thesis
[Laz09], Radu Laza constructs a series of compactifications of the moduli space of degree 3 pairs consisting
of a cubic curve and a line in P2 by taking the VGIT quotients of P(Γ(P2,O(3)))×P(Γ(P2,O(1))) by SL(3),

denotedM1,3
pairs(t) . He finds a VGIT chamber corresponding to the line bundle parameter t = 3

2−ϵ such that

M1,3
pairs(

3
2 − ϵ) is the moduli space of pairs (C,L) where C has at worst isolated singularities of type Ak and

L is a line intersecting C transversely. Laza then considers the moduli spaces M
(1,3)lab
pairs (t) of pairs of a plane

cubic and a line, with labeled intersection. He uses a classical construction to prove that M
(1,3)lab
pairs ( 32 − ϵ) is

the coarse moduli space for cubic surfaces containing a marked Eckardt point and at worst Ak singularities.
In our case, there is a chamber represented by w giving rise to a compact moduli space of plane cubics with

two marked points M
git

1,w and a map from M
git

1,w to M
(1,3)lab
pairs ( 32 − ϵ) given by taking (C, p1, p2) to (C, p1p2)

and marking the intersection points of C ∩ p1p2 with respect to the ordering of p1 and p2.
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Figure 2. Illustration of the wall crossing behavior found in Theorem 5.2. The curves
S(T, I,±) are stable in the chamber containing L± and unstable in the chamber containing
L∓.

Corollary 6.3. There exists an isomorphism

ϕlab : Css
2,3 //L SL(3) →M

(1,3)lab
pairs

(
3

2
− ϵ

)
∼= P(1, 2, 2, 3)

where L is a line bundle corresponding to a vector w in the GIT chamber {w1 > 1, w2 > 1, w1 + w2 < 3} ⊂
∆(C2,3).
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2. Preliminaries

2.1. Geometric Invariant Theory. Throughout this section G will be reductive group acting algebraically
on a projective variety X.
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Definition 2.1. A categorical quotient is a variety Y with a morphism p : X → Y such that p is G−invariant
and for any other G−invariant map q : X → Z there exists a unique map r : Y → Z such that q = r ◦ p. A
categorical quotient is called a geometric quotient if furthermore:

1) For any open subset U ⊂ Y , the homomorphism p# : O(U) → O(p−1(U)) is an isomorphism onto
the subring O(p−1(U))G of G−invariant sections.

2) p is a surjective, open map.
3) the fibers of p are precisely the G−orbits of X.

Let L be a G−linearized ample line bundle on X. We recall the semi-stable, stable, and unstable loci of
X with respect to L. Theorem 2.3 describes a construction of geometric quotients from the stable locus and
compactifications of these quotients from the semi-stable locus.

Definition 2.2. i) x ∈ X is called semi-stable with respect to L if there exists an m > 0 and a
G−invariant section s ∈ Γ(X,L⊗m)G such that s(x) ̸= 0. The set of semi-stable points, denoted
Xss(L), is called the semi-stable locus.

ii) x ∈ X is called stable with respect to L if it is semi-stable, its G-orbit G · x is closed in Xss(L), and
it has a finite stabilizer Gx. The set of stable points, denoted Xs(L) is called the stable locus.

iii) The unstable locus Xus(L) is the complement X \ Xs(L).
iv) The strictly semi-stable locus Xsss(L) is the complement Xss(L) \ Xs(L).

Theorem 2.3. For a given G−linearized line bundle L on X, the semi-stable locus Xss is an open subset
of X. The stable locus Xs is an open subset of Xss.

1) There exists a categorical quotient π : Xss(L) → Xss(L) // G := Proj
⊕

m≥0 Γ(X,L
⊗m)G. This

quotient is a projective variety.
2) π restricts to a geometric quotient of the stable locus Xs(L) → Xs(L) // G := π(Xs(L)).

Proof. [Dol03] Chapter 9 Theorem 8.1 and Proposition 8.1. □

The reader will notice that the GIT quotients in Theorem 2.3 depend on the choice of a G-linearization
on X. If G has a trivial character group and Pic(G) is trivial, then each ample line bundle has at most one
G-linearization, see [Dol03, Sec 7]. However, the quotients can change when L varies in Pic(X). Moreover,
there is a wall-chamber decomposition associated to the different isomorphism classes of GIT quotients. We
recall the relevant facts.

Proposition 2.4. If L is an ample linearization, then the semi-stable locus Xss(L) and the quotient Xss(L)//
G depend only on the G−algebraic equivalence class of L in NSG(X).

Proof. See [Tha96] Proposition 2.1. □

For this reason we consider G−algebraic equivalence classes of linearized line bundles in the Néron Severi
group NSG(X). Tensoring with Q gives a finite dimensional vector space NSG(X)Q := NSG(X) ⊗ Q
[Tha96]. Let EG be the set of equivalence classes of line bundles for which the semi-stable locus is non-
empty. The G-ample cone CG(X) is defined to be EG ⊗Q ⊂ NSG

Q (X). The set of line bundles in NSG
Q at

which a point x ∈ X is strictly semi-stable is called a GIT wall. The G−ample cone is divided by the GIT
walls into finitely many polyhedral chambers such that the semi-stable locus does not change within each
chamber [Tha96], [DH99].

Let L be an ample G-linearized line bundle on X. For some m≫ 0, the tensor power L⊗m embeds X in
PN such that G acts on X as a subgroup of SL(N + 1). A one-parameter subgroup of an algebraic group H
is a morphism of algebraic groups Gm → H, where Gm is the multiplicative group scheme over k. Given any
one-parameter subgroup λ of G ⊂ SL(N +1) we can find a basis of PN such that the image of λ is diagonal
of the form

λ : t 7→


tr1 0

tr2

. . .

0 trN+1


for ri ∈ Z. Let x ∈ X have homogeneous coordinates [X1 : · · · : XN+1] with respect to the the diagonalizing
basis for λ. Then the Hilbert-Mumford Numerical Function identifies the minimal exponent ri such that Xi
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is non-zero:

µL(x, λ) := min{ri | Xi ̸= 0}.
This number is independent of the diagonalizing basis.

Theorem 2.5. (The Hilbert-Mumford Numerical Criterion) Let S be the set of all one-parameter subgroups
of G. Then

• Xss(L) = {x ∈ X | µL(x, λ) ≤ 0 for all λ ∈ S}.
• Xs(L) = {x ∈ X | µL(x, λ) < 0 for all λ ∈ S}.

For a proof of Theorem 2.5 and further details see [MFK94]. Caution: Mumford uses the opposite ±
signature for µL(x, λ); both conventions occur in the literature.

2.2. The Numerical Criterion for Marked Plane Curves. Our moduli spaces M
git

g(d),w are formed as
the GIT quotients of a parameter space Cn,d of degree d plane curves with n marked points by the natural
action of SL(3) acting as linear automorphisms of the projective plane. Our parameter spaces Cn,d are built
from the product of n copies of P2 with P(Γ(P2,O(d))), the Hilbert scheme of plane curves of degree d.

The vector space Γ(P2,O(d)) is generated by the
(
d+2
2

)
degree d monomials xiyjzk, where x, y, and z are

generators of Γ(P2,O(1)). We specify these generators in the following paragraph. Using coordinates aijk for
(Γ(P2,O(d)) and (xr : yr : zr) for the r

th copy of P2, we define Cn,d as the subvariety of P(Γ(P2,O(d)))×(P2)n

cut out by the n incidence relations:∑
i+j+k=d

ai,j,kx
i
ry

j
rz

k
r = 0, r = 1, . . . , n.

SL(3) acts naturally on P2 as linear automorphisms. It acts by inverses on the space of functions (Γ(P2,O(d)),
that is g · f(p) := f(g−1 · p). Then the product of these actions of SL(3) on P(Γ(P2,O(d)))× (P2)n restricts
to an action on Cn,d: if the points pi lie on a curve C then g · pi will lie on g ·C. We say two marked curves,
(C, p1, . . . pn) and (D, q1, . . . , qn) are linearly equivalent if they belong to the same SL(3) orbit, that is, if
there exists a g ∈ SL(3) such that g · C = D and g · pi = qi for each i ∈ {1, . . . , n}.

We now describe a modification of the Hilbert-Mumford Numerical Criterion which gives an effective way
of computing the GIT stability for marked plane curves. We fix a maximal torus T of SL(3) and choose
coordinates x, y, z on P2 such that T is diagonal. A one-parameter subgroup λ of T has the form

λ : t 7→

ta 0
tb

0 tc


and will be denoted by diag{a, b, c}. If a = 1 ≥ b ≥ c then λ = λr := diag{1, r,−1−r} for some r ∈ [−1/2, 1].
We call such one-parameter subgroups normalized.

In Theorem 2.6 we reduce the Hilbert-Mumford Numerical Criterion to normalized one-parameter sub-
groups of our fixed maximal torus. This comes at the expense of having to consider the entire SL(3) orbit
of marked curves x ∈ Cn,d, which can be seen as considering a marked curve under all coordinate systems
on P2.

Theorem 2.6. (Our Numerical Criterion) Let S′ be the set of all normalized one-parameter subgroups of
T . Then

• Css
n,d(L) = {x ∈ Cn,d | µL(g · x, λr) ≤ 0 for all λr ∈ S′, g ∈ SL(3)}.

• Cs
n,d(L) = {x ∈ Cn,d | µL(g · x, λr) < 0 for all λr ∈ S′, g ∈ SL(3)}.

Proof. We prove that there exists a normalized one-parameter subgroup λr of T making µL(g · x, λr) ≥ 0
for some g ∈ SL(3) if and only if there exists a one-parameter subgroup λ of SL(3) making µL(x, λ) ≥ 0.
The first direction is immediate, taking g to be the identity matrix and λ := λr. Now suppose there is a λ
making µL(x, λ) ≥ 0. The image of λ is contained in some maximal torus of SL(3). Since all maximal tori
of SL(3) are conjugate, the image of λ is conjugate to a subgroup of T . That is, there exists a g ∈ SL(3)
such that gλg−1(C∗) ⊂ T . Then, using the functorial properties of µ (Definition 2.2 in [MFK94]),

µL(g · x, gλg−1) = µL(x, g−1gλg−1g) = µL(x, λ) ≥ 0.
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This shows that some g ·x in the orbit of x is stable with respect to a normalized one-parameter subgroup of
T if and only if x is stable. The proof for semi-stability is identical, with the inequalities replaced by strict
inequalities. □

We now introduce combinatorial objects that are useful for computations involving the numerical criterion.
Let Ξd be the set of degree d monomials in x, y, and z. For a point p ∈ P2 we define the support of p to be
Ξ(p) := {xi ∈ Ξ1 | the xi coordinate of p is nonzero}. For a degree d curve C we define the support of C to
be Ξ(C) = {m ∈ Ξd | the coefficient of m in the polynomial function defining C is non-zero}. The standard
bilinear pairing between characters and one-parameter subgroups of a torus restricts to pairings between
elements of Ξd and normalized one-parameter subgroups λr defined by

⟨xaybzc, λr⟩ := a+ rb+ (−1− r)c.

Definition 2.7. The Mukai Order on Ξd is given by m ≥ m′ if and only if ⟨m,λr⟩ ≥ ⟨m′, λr⟩ for all
normalized one-parameter subgroups λr.

Lemma 2.8. xaybzc ≥ xa
′
yb

′
zc

′
if and only if a ≥ a′ and a+ b ≥ a′ + b′.

Proof. See [Muk03] chapter 7.2. □

Definition 2.9. The maximal support of a curve C, denoted Ξmax(C), is the set of maximal elements of the
support of C under the Mukai Order. Similarly, we define Ξmin(p) to be the minimal element in the support
of p. If S, S′ ⊂ Ξd are sets of degree d monomials, we say S ≥ S′ if m ≥ m′ for all m ∈ S and m′ ∈ S′.

2.3. Computing the Stability of a Marked Curve. In this section we describe heuristics for computing
the (semi-)stability of a marked curve with respect to a given line bundle. In Example 2.13 we demonstrate
such computations in detail.

We consider the line bundles on Cn,d obtained as restrictions of nef line bundles on P(
d+2
d )−1 × (P2)n.

These are restrictions of line bundles of the form π∗
0(O(G))×π∗

1(O(W1))×· · ·×π∗
n(O(Wn)) for non-negative

integers G,W1, . . . ,Wn ∈ Z. Since SL(3) has trivial character group there is only one linearization for each
line bundle of this form. They form a basis for an n+ 1 dimensional rational vector subspace of the Néron-
Severi group NSSL(3)(Cn,d)Q. We will denote vectors in this space by w = (γ,w1, . . . , wn) and we denote
line bundle representatives of the equivalence class w by Lw or simply L if there is no ambiguity.

Given a vector w := (γ,w1, . . . , wn), let M be the least common multiple of the denominators of
γ,w1, . . . , wn. For each marked curve (C, p1, . . . , pn) we study the set of vectors w in the SL(3)−ample
cone such that (C, p1, . . . , pn) is LMw (semi-)stable. This set of vectors is known to be a convex polytope
[DH99]. The line bundle LMw embeds Cn,d into PN by a composition of the Segre embedding with the

Veronese embeddings of respective degrees Mγ,Mw1, . . . , and Mwn on Cn,d ⊂ P(
d+2
d )−1 × (P2)n. Let λr

be the normalized diagonal one-parameter subgroup diag{1, r,−1 − r}. From the definition of µ we then
compute

(2.1) µLMw((C, p1, . . . , pn), λr) =M(

n∑
i=1

wi min{⟨xi, λr⟩ | xi ∈ Ξ(pi)} − γmax{⟨m,λr⟩ | m ∈ Ξ(C)}).

Since our Numerical Criterion (Theorem 2.6) determines stability by the ± sign of µL(x, λr), we are
interested in the numerical function up to a positive multiple. We therefore expand its definition to include
vectors with non-integer coordinates:

(2.2) µw((C, p1, . . . , pn), λr) :=

n∑
i=1

wi min{⟨xi, λr⟩ | xi ∈ Ξ(pi)} − γmax{⟨m,λr⟩ | m ∈ Ξ(C)}.

Remark 2.10. We will also write µL for the function µw when L is a line bundle representative of the
equivalence class w.

By Theorem 2.6, the marked curve (C, p1, . . . , pn) is Lw stable if µw(g · (C, p1, . . . , pn), λr) is negative for
all g ∈ SL(3) and r ∈ [−1

2 , 1]. Notice that the right side of equation 2.2 is determined by the monomials in
the support of C and p1, . . . , pn. We therefore are interested in the (maximal) support of g · (C, p1, . . . , pn),
defined as

Ξ(g · (C, p1, . . . , pn)) := (Ξ(g · C),Ξ(g · p1), . . . ,Ξ(g · pn)) ∈ P(Ξ3)× (P(Ξ1))
n
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and Ξmax(g · (C, p1, . . . , pn)) := (Ξmax(g · C),Ξmin(g · p1), . . . ,Ξmin(g · pn)) ∈ P(Ξ3)× (P(Ξ1))
n

where P denotes the power set. In fact, because stability is determined by the maximal values of µL(g ·
(C, p1, . . . , pn), λr), we only need to keep track of the g ∈ SL(3) such that µL(g · (C, p1, . . . , pn), λr) is
maximized as a function of r and L. We define the following partial order

Definition 2.11. For (X,P1, . . . , Pn), (Y,Q1, . . . Qn) ∈ P(Ξ3)× (P(Ξ1))
n, we say

(X,P1, . . . , Pn) ≥ (Y,Q1, . . . Qn)

if X ≤ Y and Pi ≥ Qi (as in definition 2.9) for all i ≤ n.

Notice the direction of the inequalities in the above definition. This is explained by the following Lemma.

Lemma 2.12. Let (C, p1, . . . , pn) and (D, q1, . . . , qn) be marked curves. Then Ξ((C, p1, . . . , pn)) ≥ Ξ((D, q1, . . . , qn))
if and only if Ξmax((C, p1, . . . , pn)) ≥ Ξmax((D, q1, . . . , qn)) if and only if µL((C, p1, . . . , pn), λr) ≥ µL((D, q1, . . . , qn), λr)
for all r ∈ [−1

2 , 1] and L in the SL(3)−ample cone.

Proof. This is a direct application of Definition 2.11 to Equation 2.2. □

Since Ξd are finite sets, for a fixed degree d there are only finitely many values of Ξ(g · (C, p1, . . . pn)), g ∈
SL(3). It can be seen (Example 2.13, Lemma 2.19) that in practice, finding the maximal values of Ξ(g ·
(C, p1, . . . pn)) involves an analysis of the geometry of the marked curve and its intersection with the flag
{(1 : 0 : 0)} ⊂ {z = 0} ⊂ P2. We obtain a finite list of maximal values of µL(g · (C, p1, . . . pn), λr), considered
as functions of r and L. These functions are piecewise linear in r. Evaluating them at the critical values of r
then gives a list {F1, . . . , Fs} of functions of w = (γ,w1, . . . , wn), such that (C, p1, . . . , pn) is Lw (semi-)stable
if and only if Fj(w) is negative (non-positive) for all j ∈ {1, . . . , s}.

In our first example we compute the (semi-)stable locus of a smooth irreducible marked cubic with marked
points in general position. We will later prove that these curves are semi-stable throughout the SL(3)−ample
cone (Lemma 3.1).

Example 2.13. Let (C, p1, . . . , pn) be a marked plane curve of degree d ≥ 3. Suppose C is smooth and the
points are general in the following sense:

• The pi are distinct
• No point lies on a flex line of C
• No three points lie on a line
• and no two points lie on a line which is tangent to C.

Recall that a flex line of a plane curve of multiplicity m is a line that intersects the curve at a flex point
with multiplicity m > 2.

We compute the (semi-)stable locus of (C, p1, . . . , pn). Our first step is to use the geometry of (C, p1, . . . , pn)
to determine the maximum possible supports of g · (C, p1, . . . , pn), in the sense of Definition 2.11. Since the
points p1, . . . , pn are distinct and no three of them lie on a line, at most two of the points g ·pi can lie on the
line {z = 0}. The rest of the points are supported on z. Therefore, the term wi min{⟨xi, λr⟩ | xi ∈ Ξ(g · pi)}
in equation 2.2 will equal wi⟨z, λr⟩ = wi(−1− r) for at least n− 2 values of i ∈ {1, . . . , n}.

The curve C is smooth, so g · C cannot be singular at (1 : 0 : 0) for any g ∈ SL(3). By the Jacobian
Criterion for smoothness this implies the support of g ·C must contain xd, xd−1y, or xd−1z. If g0 ∈ SL(3) is
a matrix such that g0 ·C is not incident with the point (1 : 0 : 0) then Ξ(g0 ·C) will contain the monomial xd

and the maximal support of g0 ·C will therefore be {xd} (Definition 2.9). In this case, the maximal support
of g0 · (C, p1 . . . , pn) is at most ({xd}, {x}, {y}, {z}, . . . , {z}), up to a permutation of the points. However,
this is not optimal because we can decrease Ξmax(g · C) without decreasing any of the Ξmin(g · pi) :

For any i, j ∈ {1, . . . , n}, let g1 ∈ SL(3) be a matrix that takes pi to (1 : 0 : 0) and the line pipj to {z = 0}.
Then, since (1 : 0 : 0) = g1 · pi lies on g1 ·C, the monomial xd is not in the support of g1 ·C. In fact, we know
the maximal support of g1 ·C is {xd−1y}. Suppose, by contradiction, Ξ(g1 ·C) does not contain xd or xd−1y.
Then it must contain xd−1z by the Jacobian Criterion for smoothness at (1 : 0 : 0). But then the tangent
cone at (1 : 0 : 0) would be the line {z = 0}, however g1 · pi and g1 · pj lie on this tangent line, contradicting
our assumption on the generality of the marked points. Therefore the maximal support of g1 · (C, p1, . . . , pn)
is ({xd−1y}, {x}, {y}, {z}, . . . , {z}), where by abuse of notation {x} corresponds to the minimal support of
pi and {y} corresponds to the minimal support of {pj}. Since this is greater than Ξmax(g0 · (C, p0, . . . , pn)),
we may disregard any g0 ∈ SL(3) that does not take a point of C to (1 : 0 : 0).
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We are left to consider the g2 ∈ SL(3) such that xd−1z is in the maximal support of g2 · C. Then the
maximal support of g2 · C cannot contain xd nor xd−1y. However Ξmax(g2 · C) must contain xd−mym for
some m ≥ 2; otherwise the line {z = 0} would be an irreducible factor of C because z would factor out of
every monomial, however we know that C is irreducible. If the maximal support of g2 ·C is {xd−1z, xd−mym}
then the line {z = 0} intersects g2 · C at the point (1 : 0 : 0) with multiplicity m. So {z = 0} is tangent to
g2 · C at (1 : 0 : 0) if m = 2 and inflectional to C at (1 : 0 : 0) if 2 < m ≤ d. If m > 2 then the minimal
support of all the points is {z} because none of the points can lie on the flex line {z = 0}. If m = 2 then
the minimal support of the points p1, . . . , pn is at most {x}, {z}, . . . , {z} up to permutation, because no two
points lie on the tangent line {z = 0}. Therefore, the maximal values of Ξmax(g · (C, p1, . . . , pn)) are

• ({xd−mym, xd−1z}, {z}, . . . , {z}), 2 < m ≤ d,
• ({xd−2y2, xd−1z}, {x}, {z}, . . . , {z}),
• and ({xd−1y}, {x}, {y}, {z}, . . . , {z})

up to a permutation of the points.

(Case 1): Suppose the maximal support of g2·(C, p1, . . . , pn) is ({xd−mym, xd−1z}, {z}, . . . , {z}), for 2 < m ≤ d.
Then using equation 2.2,

µL(g2 · (C, p1, . . . , pn), λr) = (−1− r)(

n∑
1

wi)− γmax

{
(d−m) +mr

d− 2− r

= −
n∑
1

wi − γd+

{
γm+ r(−

∑n
1 wi − γm) if r ≥ m−2

m+1

2γ + r(−
∑n

1 wi + γ) if r ≤ m−2
m+1

.

Because the coefficient of r is negative when r ≥ m−2
m+1 , the above numerical function is maximized

for r ∈ [−1
2 , 1] when r equals m−2

m+1 or −1
2 , giving maximal values

F1 := µL(g2 · (C, p1, . . . , pn), λm−2
m+1

) = −2m+1
m+1

∑n
1 wi − γd+ 3γm

m+1 , and

F2 := µL(g2 · (C, p1, . . . , pn), λ−1
2
) = −1

2

∑n
1 wi − γd+ 3

2γ.

(Case 2): Suppose the maximal support of g′2 ·(C, p1, . . . , pn) is ({xd−2y2, xd−1z}, {z}, . . . , {x}, . . . , {z}), where
{x} = Ξmin(pi). Then

µL(g′2 · (C, p1, . . . , pn), λr) = wi + ((

n∑
j=1

wj)− wi)(−1− r)− γmax

{
d− 2 + 2r

d− 2− r

= 2wi −
n∑

j=1

wj − γd+ 2γ +

{
r(wi −

∑n
j=1 wj − 2γ) if r ≥ 0

r(wi −
∑n

j=1 wj + γ) if r ≤ 0
.

This is maximized when r equals −1
2 or 0, giving maximal values

F3 := µL(g′2 · (C, p1, . . . , pn), λ−1
2
) = 3

2wi − 1
2

∑n
j=1 wj +

3
2γ − γd, and

F4 := µL(g′2 · (C, p1, . . . , pn), λ0) = 2wi −
∑n

j=1 wj − γd+ 2γ.

(Case 3): Suppose the maximal support of g1 ·(C, p1, . . . , pn) is ({xd−1y}, {z}, . . . , {x}, . . . , {y}, . . . , {z}), where
{x} = Ξmin(pi) and {y} = Ξmin(pj). Then

µL(g1 · (C, p1, . . . , pn), λr) = wi + rwj + (−1− r)((

n∑
k=1

wk)− wi − wj)− γ(d− 1 + r)

= 2wi + wj −
n∑
1

wk − γd+ γ + r(wi + 2wj −
n∑
1

wk − γ).

This function is linear in r so it is maximized at one of the endpoints, r = 1 or r = −1
2 , giving

maximal values
F5 := µL(g1 · (C, p1, . . . , pn), λ1) = 3wi + 3wj − 2

∑n
1 wk − γd, and

F6 := µL(g1 · (C, p1, . . . , pn), λ−1
2
) = 3

2wi − 1
2

∑n
1 wk + 3

2γ − γd.

The equations F1, . . . , F6 are the maximal values of µL(g · (C, p1, . . . , pn), λr) for all g ∈ SL(3) and
r ∈ [−1

2 , 1]. The marked curve (C, p1, . . . , pn) is therefore stable when these equations are all negative. By
our assumptions that the weights γ,w1, . . . , wn are all positive, 2 < m ≤ d, and d ≥ 3, the functions F1
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Figure 3. Singular cubics are determined up to projective equivalence by their singularities

and F2 are always negative. So the locus of line bundles in NS
SL(3)
Q (Cn,d) for which (C, p1, . . . , pn) is stable

is given by the three families of inequalities, for each i, j ∈ {1, . . . n}, i ̸= j, F3 = F6 ≤ 0;F4 ≤ 0; and

F5 ≤ 0. Clearing denominators gives 3wi −
∑k

1 wk + 3γ − 2γd < 0; 2wi −
∑n

k=1 wk − γd + 2γ < 0; and
3wi + 3wj − 2

∑n
1 wk − γd < 0, for each distinct pair i, j ∈ {1, . . . , n}.

2.4. Preliminary Results on the Geometry of Plane Cubics.

Lemma 2.14. Let C be a plane cubic. If C is nonsingular, it is projectively equivalent to {z2x+y3+ax2y+
bx3 = 0} for some a, b ∈ C with 4a3 + 27b2 ̸= 0. If C is singular then it is projectively equivalent to one of
the following

{xz2 + y3 + xy2 = 0} {xz2 + y3 = 0} {xyz + y3 = 0} {x2z − xy2 = 0}

{xyz = 0} {x2y + xy2 = 0} {x3 + x2y = 0} {x3 = 0}.

These curves are depicted with their singularities labeled in Figure 3.

Proof. Plane cubics are classified in detail in Chapter 10.3 of [Dol03] . □

As a result of Lemma 4.1, the GIT inner-walls correspond to marked plane curves x with positive dimen-
sional SL(3) stabilizer SL(3)x. Suppose x = (C, p1, . . . , pn) has a positive dimensional stabilizer. Then the
curve C in particular must have positive dimensional stabilizer. In the case of curves of degree d = 3 there
are only five possibilities.

Lemma 2.15. Let C be a plane cubic with positive dimensional stabilizer. Then C is projectively equivalent
to one of the following:

{xz2 + y3 = 0} {xyz + y3 = 0} {x2z − xy2 = 0} {xyz = 0} {x2y + xy2 = 0}.

Proof. [PW99]. □

We now add the marked points into consideration, finding the marked curves (C, p1, . . . pn) with positive-
dimensional SL(3) stabilizer when C is one of the five curves in Lemma 2.15.

Lemma 2.16. If the marked curve ({xz2 + y3 = 0}, p1, . . . , pn) has positive dimensional SL(3) stabilizer
then the marked points pi are either at the cuspidal singularity (1 : 0 : 0) or at the smooth flex point (0 : 1 : 0).

Proof. The stabilizer of {xz2 + y3 = 0} is given in [PW99] as a C∗ subgroup of SL(3) equal to the image
of the one-parameter subgroup diag{5,−1,−4}. It is straightforward to check that the only points fixed by
this subgroup are the points (1 : 0 : 0), (0 : 1 : 0), and (0 : 0 : 1). Of these points, (1 : 0 : 0) and (0 : 1 : 0) lie
on the cuspidal curve {xz2 + y3 = 0}. □

Lemma 2.17. If the marked curve ({xyz + y3 = 0}, p1, . . . , pn) has positive dimensional SL(3) stabilizer
then the marked points pi are at either one of the two nodal singularities: (1 : 0 : 0) or (0 : 0 : 1).
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Proof. The stabilizer of {xyz + y3 = 0} is given in [PW99] as a C∗ subgroup of SL(3) equal to the image of
the one-parameter subgroup diag{1, 0,−1}. As in the above lemma, the only points fixed by this subgroup
are the points (1 : 0 : 0), (0 : 1 : 0), and (0 : 0 : 1). Of these points, (1 : 0 : 0) and (0 : 0 : 1) lie on the curve
{xyz + y3 = 0}. □

Lemma 2.18. If the marked curve ({x2z − xy2 = 0}, p1, . . . , pn) has positive dimensional SL(3) stabilizer
then there exists a line l = {z = −k2x + 2ky} for some k ∈ C, tangent to the conic, such that the marked
points pi are either at the A3 singularity (0 : 0 : 1) or they lie on the line l.

Proof. We compute the stabilizer of C := {x2z − xy2 = 0} directly. Let M ∈ SL(3) be a matrix fixing
{x2z − xy2 = 0}. Since the irreducible components of {x2z − xy2 = 0} have degrees 1 and 2, the linear
automorphism M must fix the conic {xz − y2 = 0} and fix the line {x = 0}, and therefore must fix their
intersection point (0 : 0 : 1). The matrices fixing {x = 0} and (0 : 0 : 1) are those which are lower triangular.
Since M is in SL(3) it has determinant equal to 1 and must therefore be of the form

M =

a 0 0
b c 0
d e 1

ac

 , a, c ̸= 0.

The fact that M fixes the conic {xz = y2} implies that d = b2

a , e = 2bc
a , and c is a cube-root of unity.

Indeed, the matrices { a 0 0
b c 0
b2

a
2bc
a

1
ac

 | a, c ̸= 0, c3 = 1

}
all fix the curve C.

IfM fixes a point (x0 : y0 : z0) ̸= (0 : 0 : 1) then the linear equationsM · ⟨x0, y0, z0⟩ = ⟨λx0, λy0, λz0⟩, λ ∈
C∗ and the cubic equation x20z0 − x0y

2
0 = 0 can be solved to give (x0 : y0 : z0) = (0 : 1 : 2b

a−c ) or

(1 : b
a−c : ( b

a−c )
2). If a positive-dimensional family of the stabilizer of C fixes either of these points then b

must be a constant multiple of a − c. Then, for any k ∈ C, taking b := k(a − c), c a cube-root of unity,
and a := t a free parameter gives a one-dimensional subgroup of SL(3) fixing the curve C and the points
(0 : 0 : 1), (0 : 1 : 2k), and (1 : k : k2),{ t 0 0

k(t− c) c 0
k2(t−c)2

t
2k(t−c)c

t
1
tc

 | t ∈ C∗
}
.

Furthermore, we have shown that any one-dimensional family of matrices fixing C and some point other
than (0 : 0 : 1) must be of this form. The fixed points (0 : 1 : 2k) and (1 : k : k2) lie on the line l which is
tangent to C at (1 : k : k2). □

Lemma 2.19. If the marked curve ({xyz = 0}, p1, . . . , pn) has positive dimensional SL(3) stabilizer then the
marked points pi are either at a node {xi = xj = 0} or on the opposite line {xk = 0} for some permutation
of coordinates {xi, xj , xk} := {x, y, z}.

Proof. The stabilizer of {xyz = 0} is our diagonal torus T . A generic one-parameter subgroup diag{a, b,−a−
b} fixes only the torus-invariant points (1 : 0 : 0), (0 : 1 : 0), and (0 : 0 : 1). However, if a = b then
diag{a, a,−2a} fixes all the points on the line z = 0 in addition to the point (0 : 0 : 1). Similar behavior
occurs in the other two exceptional cases, when a = −a− b and when b = −a− b. □

Lemma 2.20. If the marked curve ({x2y + xy2 = 0}, p1, . . . , pn) has positive dimensional SL(3) stabilizer
then there exists a line l such that the marked points pi are either at the singular point (0 : 0 : 1) or on l.

Proof. The curve C := {x2y+xy2 = 0} contains three linear components, {x = 0}, {y = 0}, and {x+y = 0}.
Any element of its stabilizer must therefore permute these lines and fix their point of intersection (0 : 0 : 1).
If g ∈ SL(3) fixes at least three points on one of these lines then it must fix the entire line because a linear
automorphism of P1 is determined by the image of three points. Indeed, there are one-dimensional families
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of matrices that fix C and all of the points on one of its linear components: Without loss of generality we
may assume the fixed linear component is {x = 0}. Then the families{1 0 0

0 1 0
t 0 1

 | t ∈ C∗
}

and

{ 1
c2 0 0
−1
c2 c 0
t 0 c

 | t ∈ C∗, c3 = −1

}
fix C and the points on {x = 0}.

If, however, g fixes points on two distinct linear components, other than the point (0 : 0 : 1), then g must
permute the linear components trivially. The matrices that induce automorphisms of the lines {x = 0},
{y = 0}, and {z = 0} are of the form

M =

a 0 0
0 a 0
b c 1

a2

 .
Let p ∈ C be a point fixed by M . Assume p ̸= (0 : 0 : 1). Then M · p = p implies that if p ∈ {x = 0} then

p = (0 : 1 : a2c
a3−1 ) , if p ∈ {y = 0} then p = (1 : 0 : a2b

a3−1 ), and if p ∈ {x+ y = 0} then p = (1 : 1 : a2b+a2c
a3−1 ). If

there is a one-dimensional family of SL(3) fixing two of these points then a2b must be a constant multiple k
of a3 − 1 and a2c must be a constant multiple k′ of a3 − 1 and, in fact, all three of these points will be fixed
by such a family of matrices. The three fixed points (0 : 1 : k′), (1 : 0 : k), and (1 : 1 : k + k′) all lie on the
line z = kx+k′y. We can take any k, k′ ∈ C to construct a one-dimensional family in SL(3) fixing the curve
C, the point (0 : 0 : 1), and the points (1 : 0 : k), (0 : 1 : k′), and (1 : 1 : k + k′) on the line z = kx+ k′y:{ t 0 0

0 t 0

kt− k
t2 k′t− k′

t2
1
t2

 | t ∈ C∗
}
.

Therefore if a set of points is fixed by a one-dimensional family of StabSL(3)(C) they must all either be
at the origin (0 : 0 : 1) or on some line k′′z = kx+ k′y. Note, the case where k′′ = 0 corresponds to the first
case of this proof in which a subgroup fixes a single linear component of C.

□

3. The Wall and Chamber Decomposition

3.1. The outer walls. In order to prove Theorem 3.2, we first establish a Lemma that the SL(3)−ample
cone corresponds to the locus of NSSL(3)(Cn,d)Q at which a sufficiently general plane curve is semi-stable.

Lemma 3.1. Let (C, p1, . . . , pn) be a marked plane curve of degree d ≥ 3, that is generic in the sense of
Example 2.13. Then (C, p1, . . . , pn) is semi-stable on the entire SL(3)−ample cone. Furthermore, if any
curve (D, q1, . . . , qn) is L stable for some L ∈ NSSL(3)(Cn,d)Q then (C, p1, . . . , pn) is as well.

Proof. Let L = (γ,w1, . . . , wn) be an SL(3)−linearized line bundles in the SL(3)−ample cone. We show
that µL(h · (C, p1, . . . , pn), λr) is non-positive for all h ∈ SL(3) and normalized one-parameter subgroups λr.
In Example 2.13, we saw that as h varies in SL(3), the maximal values of Ξ(h · (p1, . . . , pn)) are

A := ({xd−mym, xd−1z}, {z}, . . . , {z}) for 2 < m ≤ d,
B := ({xd−2y2, xd−1z}, {x}, {z}, . . . , {z}), and
C := ({xd−1y}, {x}, {y}, {z}, . . . , {z}),

up to a permutation of the order of the marked points. We show that in the above three cases, µL(h ·
(C, p1, . . . , pn), λr) is negative for all r ∈ [−1

2 , 1]. First, as calculated in Example 2.13, the assumptions that
the weights γ,w1, . . . , wn are all positive, 2 < m ≤ d, and d ≥ 3, imply that if the maximal support of
h · (C, p1, . . . , pn) is A, then µL(h · (C, p1, . . . , pn), λr) is negative.

Now assume that the maximal support of h · (C, p1, . . . , pn) is B or C. Since L is in the SL(3)−ample
cone, there exists some marked curve (D, q1, . . . , qn) which is L semi-stable. Then we can find a linear
automorphism h1 ∈ SL(3) taking q1 to (1 : 0 : 0) such that [z = 0] is tangent to h1 · D at h1 · q1.
This geometric property implies the maximal support of h1 · (D, q1, . . . , qn) is at least B. Likewise, we
can find a linear automorphism h2 ∈ SL(3) taking q1 to (1 : 0 : 0) and q2 to a point on the line {z =
0} so that the maximal support of h2 · (D, q1, . . . , qn) is at least C. Therefore the maximal support of
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h · (C, p1, . . . , pn) is less than or equal to maxg∈SL(3)(Ξmax(g · (D, q1, . . . , qn))). Since (D, q1, . . . , qn) is

L semi-stable, maxg∈SL(3) µ
L(g · (D, q1, . . . , qn), λr) ≤ 0. It then follows that µL(h · (C, p1, . . . , pn), λr) is

non-positive.

max
r∈[−1

2 ,1]
µL(h · (C, p1, . . . , pn), λr) ≤ max

g∈SL(3),r∈[−1
2 ,1]

µL(g · (D, q1, . . . , qn), λr) ≤ 0.

We conclude that the maximum value of µL(h · (C, p1, . . . , pn), λr) is non-positive for all h ∈ SL(3). If
(D, q1, . . . qn) is L stable then the above inequality on the right becomes strict, making the maximum value
of µL(h · (C, p1, . . . , pn), λr) negative. □

At this point we have done all the leg work for Theorem 3.2.

Theorem 3.2. The SL(3)−ample cone for Cn,d is{
(γ,w1, . . . , wn)

∣∣∣∣ wi ≤
W + γ(2d− 3)

3
, wi ≤

W + γ(d− 2)

2
, wi + wj ≤

2W + γd

3
, 0 ≤ wi, 0 ≤ γ

}
,

where W =
∑n

1 wi denotes the total weight of the points.

Proof of Theorem 3.2. Let (C, p1, . . . , pn) be sufficiently general in the sense that the pi are distinct; no point
lies on a flex line of C; no three points lie on a line; and no two points lie on a tangent line of C. By Lemma
3.1 the SL(3)−ample cone is equal to the locus of line bundles for which (C, p1, . . . , pn) is semi-stable. In

Example 2.13 we computed this to be given by three families inequalities: 3wi −
∑k

1 wk + 3γ − 2γd ≤ 0;
2wi −

∑n
k=1 wk − γd+ 2γ ≤ 0; and 3wi + 3wj − 2

∑n
1 wk − γd ≤ 0, for each pair i, j ∈ {1, . . . , n}. We solve

for wi in the first two inequalities and for wi + wj in the final inequality to get stability conditions for the
weights of individual points.

□

Corollary 3.3. Any generic curve (C, p1, . . . , pn) as in Example 2.13 is stable on the interior of the
SL(3)−ample cone.

Proof. This is because the maximal values of µL(g · (C, p1, . . . , pn), λr) as computed in Example 2.13 are
negative on the interior of the SL(3)−ample cone. □

4. Finding the inner walls

We now compute the inner walls of the SL(3)-ample cone. The following lemma associates to each inner
wall a marked plane curve with positive-dimensional SL(3) stabilizer.

Lemma 4.1. If (D, q1, . . . , qn) is strictly semi-stable with respect to L then there exists a marked curve

(C, p1, . . . , pn) with positive dimensional stabilizer in the orbit closure SL(3) · (D, q1, . . . , qn) which is strictly
semi-stable with respect to L.

Proof. Suppose (D, q1, . . . , qn) is strictly semi-stable with respect to L. Since (D, q1, . . . , qn) is not stable,
it either has an open orbit in Css

n,d(L) or it has positive dimensional stabilizer. There exists a unique closed

orbit O in SL(3) · (D, q1, . . . , qn). Let (C, p1, . . . , pn) be a representative of O. Then since (C, p1, . . . , pn)
has a closed orbit and is strictly semi-stable at L it must have a positive dimensional stabilizer. □

Due to Lemma 4.1, to find all the GIT walls it suffices to find the line bundles in the SL(3)−ample cone
at which a marked curve with positive-dimensional stabilizer is strictly semi-stable. Such marked curves
were classified in Section 2.4.

We begin with the case of three non-concurrent lines, that is, a curve projectively equivalent to {xyz = 0}.
Lemma 2.19 shows that if (C, p1, . . . , pn) has positive-dimensional stabilizer and C is three non-concurrent
lines then the marked points are either at a node η of C or on the opposite linear component Λ ⊂ C.

Lemma 4.2 (Case of C(3A1)). Let x := (C, p1, . . . pn) have positive dimensional stabilizer, where the curve
C is three lines in general position. Let η and Λ be as above. Define I to be the subset of {1, . . . , n} such
that the points pi coincide at η ∈ C for i ∈ I and the remaining points lie on the opposite line Λ ⊂ C. Then
x is L strictly semi-stable if and only if

∑
i∈I wi =

1
2

∑
j /∈I wj, the total weight at each of the other nodes is

at most 1
3

∑n
1 wi, and the weight at any smooth point of Λ is at most 1

3

∑n
1 wi + γ.
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Proof. We solve max{µL(g · x, λr) | g ∈ SL(3), r ∈ [−1
2 , 1]} = 0 for L to find the line bundles at which the

marked curve is strictly semi-stable. As discussed in Section 2.3 our method is to identify the g ∈ SL(3)
which maximize Ξmax(g · x) because such g will also maximize µL(g · x, λr).

There are six cases. First we consider the g ∈ SL(3) which take the node η to (1 : 0 : 0). Under this
assumption there are two ways to maximize Ξmax(g · x). A nodal singularity of a plane cubic at the origin
(1 : 0 : 0) of the affine chart Ux=1 is characterized by the Jacobian Criterion and the fact that the tangent cone
has two distinct rays. That is, if f is a polynomial with V (f) = g·C then f(1, y, z) = ay2+byz+cz2+h3(y, z),
where ay2+byz+cz2 is not a perfect square and h3(y, z) is a homogeneous cubic. If g1 takes the line through
η and one of the other nodes η′ to {z = 0} then Ξmax(g1 · C) is {xyz}. This is because one of the tangent
lines at (1 : 0 : 0) will be {z = 0}, so g1 ·C is not supported on x3, x2y, or x2z by the Jacobian criterion and
it must have xyz but not xy2 in its support to have {z = 0} and one other line in its tangent cone at the
origin. In this case Ξmin(g1 · pi) = {x} for pi = η, Ξmin(g1 · pj) = {y} for pj = η′, and Ξmin(g1 · pk) = {z}
for the remaining points. The other maxima of Ξmax(g · x) when g · η = (1 : 0 : 0) correspond to g2 ∈ SL(3)
which take the line through η and pj to {z = 0} where pj is a smooth point on Λ at which the most weight
is concentrated. Then Ξmax(g2 ·C) = {xy2} because the line {z = 0} is not in the tangent cone at (1 : 0 : 0).

Next, assume that g ∈ SL(3) does not take η to (1 : 0 : 0). Under this assumption there are four ways to
maximize Ξmax(g · x) as follows: In all cases, Ξmax(g · x) is maximized when g takes a node η′ or one of the
points pj ∈ Λ to (1 : 0 : 0). If g3 takes η′ to (1 : 0 : 0) and the line ηη′ to {z = 0} then Ξmax(g3 ·C) = {xyz},
similar to g1 ·C above. If g4 takes η′ to (1 : 0 : 0) and Λ to {z = 0} then Ξmax(g4 ·C) is also {xyz} although
the minimal supports of the points changes. Let pj be a smooth point on Λ at which the most weight is
concentrated. If g5 takes pj to (1 : 0 : 0) and the line pjη to {z = 0} then, by the Jacobian Criterion and the
fact that {z = 0} is not tangent to C at (1 : 0 : 0), Ξmax(g5 ·C) is {x2y}. Finally, if g6 takes pj to (1 : 0 : 0)
and Λ to {z = 0} then Ξmax(g6 · C) is {x2z}.

We abbreviate
∑

pi=η wi as wη,
∑

pi=η′ wi as wη′ ,
∑

pi∈Λ wi as wΛ, and
∑

pi=pj
wi, where pj is the

smooth point on Λ at which the most weight is concentrated, as wJ . The maximal values of µL(g · x, λr),
corresponding to the maximal values of Ξmax(g · x) (Lemma 2.12) found above, are:

• µL(g1 · x, λr) = wη + rwη′ + (−1− r)(wΛ − wη′), which is maximized in r by

F1 := µL(g1 · x, λ−1
2
) = wη −

1

2
wΛ and F2 := µL(g1 · x, λ1) = wη + 3w′

η − wΛ.

• µL(g2 · x, λr) = wη + rwJ + (−1− r)(wΛ − wJ)− γ(1 + 2r), which is maximized in r by

F3 := µL(g2 · x, λ−1
2
) = wη −

1

2
wΛ and F4 := µL(g2 · x, λ1) = wη − 2wΛ + 3wJ − 3γ.

• µL(g3 · x, λr) = wη′ + rwη + (−1− r)(wΛ − wη′), which is maximized in r by

F5 := µL(g3 · x, λ−1
2
) =

3

2
wη′ − 1

2
wη −

1

2
wΛ and F6 := µL(g3 · x, λ1) = 3wη′ + wη − 2wΛ.

• µL(g4 · x, λr) = wη′ + r(wΛ − wη′) + (−1− r)wη, which is maximized in r by

F7 := µL(g4 · x, λ−1
2
) =

3

2
wη′ − 1

2
wη −

1

2
wΛ and F8 := µL(g4 · x, λ1) = wΛ − 2wη.

• µL(g5 · x, λr) = wJ + rwη + (−1− r)(wΛ − wJ)− γ(2 + r) which is maximized in r by

F9 := µL(g5 · x, λ−1
2
) =

3

2
wJ − 1

2
wΛ − 3

2
γ − 1

2
wη and F10 := µL(g5 · x, λ1) = 3wJ − 2wΛ − 3γ + wη.

• µL(g6 · x, λr) = wJ + r(wΛ − wJ) + (−1− r)wη − γ(1− r) which is maximized in r by

F11 := µL(g6 · x, λ−1
2
) =

3

2
wJ − 1

2
wη −

3

2
γ − 1

2
wΛ and F12 := µL(g6 · x, λ1) = −2wη + wΛ.

To solve for maxµL(g · x, λr) = maxFi(γ,w1, . . . , wn) = 0 notice that F8 = −2F1. Since these
functions are both non-positive they must both be zero. This gives the wall wη = 1

2wΛ. The other

strict semi-stability conditions, wη′ ≤ 1
3 (wη+wΛ) and wJ ≤ 1

3 (wη+wΛ)+γ are attained by evaluating

the remaining inequalities Fi ≤ 0 at wη = 1
2wΛ.

□
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Lemma 4.3 (Case of C(2A1)). Let x := (C, p1, . . . , pn) have positive dimensional stabilizer, where C is the
union of a smooth conic and a transverse line. Then x is unstable for all line bundles L.

Proof. By Lemma 2.17 we know the marked points pi are at one of the two nodes of C where the conic
intersects the line. Denote the two nodes η and η′. There is a matrix g ∈ SL(3) which takes η to (1 : 0 : 0)
and the line ηη′ to {z = 0}. Then the maximal support of g ·C is {xyz} because g ·C has a nodal singularity
at (1 : 0 : 0) with the line {z = 0} in the tangent cone. This gives

µL(g · x, λr) =
∑
pi=η

wi + r(
∑
pj=η′

wj).

This is positive for r = 1, so x is unstable.
□

Next we consider the cuspidal curve. If (C, p1, . . . , pn) is a marked plane cubic with positive dimensional
stabilizer and C has a cusp, or A2 singularity, then Lemma 2.16 implies that the marked points pi must
either be at the cuspidal singularity or at the unique smooth inflection point of C.

Lemma 4.4 (Case of C(A2)). Let x := (C, p1, . . . , pn) have positive dimensional stabilizer, where C is a
cuspidal plane cubic. Define I to be the subset of {1, . . . , n} such that pi coincides with the cuspidal singularity
of C for i ∈ I. The complement Ic indexes points pj coinciding with the smooth flex point. Then x is L
strictly semi-stable if and only if γ = 4

3

∑
j /∈I wj − 5

3

∑
i∈I wi and

∑
i∈I wi ≤ 1

2

∑
j /∈I wj.

Proof. We follow the same method as in Lemma 4.2 by solving max{µL(g · x, λr)} = 0 for L, though we
proceed more concisely. We mention two relevant geometric facts. First, if f(x, y, z) is a homogeneous cubic
polynomial and V (f) contains a cusp at (1 : 0 : 0) then the tangent cone at (1 : 0 : 0) is a line of the form
{ay + bz = 0}. This, together with the Jacobian Criterion implies that f(x, y, z) = x(ay + bz)2 + h3(y, z)
for some homogeneous cubic h. Conversely, if f has this form then V (f) has a non-nodal singularity at
(1 : 0 : 0). Secondly we note that a curve f(x, y, z) has a flex point at (1 : 0 : 0) with flex line {z = 0} if and
only if f(x, y, z) = ay3 + zh2(x, y, z) for some a ̸= 0 and h2 homogeneous of degree 2.

Assume x is L semi-stable. Let pc be the cuspidal singular point of C and pf be the smooth flex point. If
g ∈ SL(3) does not take either pc or pf to (1 : 0 : 0) then µL(g ·x, λr) is negative for all L in the SL(3)−ample
cone and r ∈ [−1

2 , 1]. Therefore, if µ
L(g · x, λr) = 0 then g must take either pc or pf to (1 : 0 : 0). There are

four subsets of SL(3) which maximize Ξmax(g · x). If g1 takes pc to (1 : 0 : 0) and the tangent cone at pc to
the line {z = 0} then Ξmax(g1 · C) = {y3, xz2}. If g2 takes pf to (1 : 0 : 0) and the flex line to {z = 0} then
Ξmax(g2 ·C) = {y3, x2, z}. If g3 takes pc to (1 : 0 : 0) and the line pcpf to {z = 0} then Ξmax(g3 ·C) = {xy2}.
And if g4 takes pf to (1 : 0 : 0) and the line pcpf to {z = 0} then Ξmax(g4 · C) = {x2y}.

We abbreviate
∑

pi=pc
wi as wc and

∑
pj=pf

wj as wf . Then the maximal values of µL(g · x, λr) are

• µL(g1 · x, λr) = wc + (−1− r)wf − γmax{3r,−1− 2r}, which is maximized in r by

F1 := µL(g1 · x, λ−1
5
) = wc −

4

5
wf +

3

5
γ and F2 := µL(g1 · x, λ−1

2
) = wc −

1

2
wf

• µL(g2 · x, λr) = wf + (−1− r)wc − γmax{3r, 1− r} which is maximized in r by

F3 := µL(g1 · x, λ 1
4
) = wf − 5

4
wc −

3

4
γ and F4 := µL(g1 · x, λ−1

2
) = wf − 1

2
wc −

3

2
γ.

• µL(g3 · x, λr) = wc + rwf − γ(1 + 2r) which is maximized in r by

F5 := µL(g1 · x, λ−1
2
) = wc −

1

2
wf and F6 := µL(g1 · x, λ1) = wc + wf − 3γ.

• µL(g4 · x, λr) = wf + rwc − γ(2 + r) which is maximized in r by

F7 := µL(g1 · x, λ−1
2
) = wf − 1

2
wc −

3

2
γ and F8 := µL(g1 · x, λ1) = wf + wc − 3γ.

We solve maxFi = 0 for (γ,w1, . . . , wn). Since F1 = −4
5 F3 they must both be zero. This gives the wall

γ = 4
3wf − 5

3wc, and the remaining inequalities evaluated at this wall become wc ≤ 1
2wf .

□
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In the case of the union of a conic and a tangent line with positive dimensional stabilizer, Lemma 2.18
tells us that the marked points are either at the intersection of the conic and the tangent line, or on one
other line tangent to the conic.

Lemma 4.5 (Case of C(A3)). Let x := (C, p1, . . . , pn) have positive dimensional stabilizer, where C is the
union of a conic A and a tangent line B. Let I be the subset of {1, . . . , n} such that pi coincides with the
tacnode for i ∈ I and let J be the subset such that the pj coincide at a non-singular point of B for j ∈ J . The
remaining marked points coincide with the point on the conic A whose tangent line intersects the pjs. Then x
is L strictly semi-stable if and only if

∑
k/∈I∪J wk =

∑
i∈I wi+γ and

∑
i∈I wi−γ ≤

∑
j∈J wj ≤

∑
i∈I wi+2γ.

Proof. First we remark that if all of the marked points lie on the line B then x is unstable for all line bundles
L. This can be seen by letting g ∈ SL(3) take the tacnode to (1 : 0 : 0) and the line B to {z = 0}. Then
µL(g · x, λ1) =

∑n
1 wi, which is positive.

Now assume that the marked points lie either at the tacnode or on the intersection C∩Λ where Λ is a line
other than B which is tangent to the conic. We proceed as in Lemma 4.2 by solving max{µL(g · x, λr) | g ∈
SL(3), r ∈ [−1

2 , 1]} = 0 for L. There are six subsets of SL(3) which maximize Ξmax.
If g ∈ SL(3) maximizes Ξmax(g · x) then it must take the tacnode or one of other the marked points to

(1 : 0 : 0). Let pt be the tacnode, pa the marked point on the conic, pb the marked point on the linear
component of C, and Λ the line through pa and pb. If g1 takes pt to (1 : 0 : 0) and B to {z = 0} then
Ξmax(g · C) = {xz2, y2z}. If g2 takes pb to (1 : 0 : 0) and B to {z = 0} then Ξmax(g2 · x) = {x2z, xy2}.
If g3 takes pb to (1 : 0 : 0) and Λ to {z = 0} then Ξmax(g3 · x) = {x2y}. If g4 takes pa to (1 : 0 : 0)
and Λ to {z = 0} then Ξmax(g4 · x) = {x2z, xy2}. If g5 takes pt to (1 : 0 : 0) and the line papt to
{z = 0} then Ξmax(g5 · x) = {xy2}. Finally, if g6 takes pa to (1 : 0 : 0) and the line papt to {z = 0} then
Ξmax(g6 · x) = {x2y}.

We abbreviate
∑

pi=pt
wi as wt,

∑
pj=pb

wj as wb, and
∑

pk=pa
wk as wa. Then the maximal values of

µL(g · x, λr) are
• µL(g1 · x, λr) = wt + rwb + (−1− r)wa − γmax{−2− r,−1 + r}, which is maximized in r by

F1 := µL(g1 · x, λ1) = pt − 2pa + pb and F2 := µL(g1 · x, λ0) = pt − pa + γ

and F3 := µL(g1 · x, λ−1
2
) = pt −

pa
2

− pb
2
.

• µL(g2 · x, λr) = wb + rwt + (−1− r)wa − γmax{1− r, 1 + 2r}, which is maximized in r by

F4 := µL(g2 · x, λ1) = pb − 2pa + pt + 3γ and F5 := µL(g2 · x, λ−1
2
) = pb −

1

2
pa −

1

2
pt

• µL(g3 · x, λr) = wb + rwa + (−1− r)wt − γ(2 + r), which is maximized in r by

F6 := µL(g3 · x, λ1) = pb − 2pa + pt + 3γ and F7 := µL(g3 · x, λ−1
2
) = pb −

pa
2

− pt
2
.

• µL(g4 · x, λr) = wa + rwb + (−1− r)wt − γmax{1− r, 1 + 2r}, which is maximized in r by

F8 := µL(g1 · x, λ1) = pa + pb − 2pt − 3γ and F9 := µL(g1 · x, λ0) = pa − pt − γ

and F10 := µL(g1 · x, λ−1
2
) = pa −

pb
2

− pt
2

− 3γ

2
.

• µL(g5 · x, λr) = wt + rwa + (−1− r)wb − γ(1 + 2r), which is maximized in r by

F11 := µL(g5 · x, λ1) = wt + wa − 2wb − 3γ and F12 := µL(g5 · x, λ−1
2
) = wt −

−1

2
wa −

1

2
wb

• µL(g6 · x, λr) = wa + rwt + (−1− r)wb − γ(2 + r), which is maximized in r by

F13 := µL(g6 · x, λ1) = wa − 2wb + wt − 3γ and F14 := µL(g6 · x, λ−1
2
) = wa −

1

2
wb −

1

2
wt −

3

2
γ.

We solve max{Fi} = 0 for (γ,w1, . . . , wn). Since F2 = −F9, they must both be zero. This gives the wall
pa = pt + γ. Evaluating the remaining inequalities at this wall gives the condition wt − γ ≤ wb ≤ wt + 2γ.

□
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Lemma 4.6 (Case of C(D4)). Let x := (C, p1, . . . , pn) have positive dimensional stabilizer, where C is the
cone over three points. Let I be the subset of {1, . . . , n} such that pi coincides with the singular point of C for
i ∈ I. Then x is L strictly semi-stable if and only if

∑
j /∈I wj = 3γ+2

∑
i∈I wi and

∑
wj=p wj ≤ 2γ+

∑
i∈I wi

for each non-singular points p ∈ C.

Proof. As in the above Lemmas, we solve max{µL(g ·x, λr) | g ∈ SL(3), r ∈ [−1
2 , 1]} = 0 for L. From Lemma

2.20 we know that the marked points coincide either at the D4 singular point or on some line. However,
they do not all lie on the same linear component of C because then x would be unstable. Let α be the
non-singular point of C at which the most weight is concentrated and let σ be the singular point. To find
the maximal values of Ξmax(g · x) we may assume g takes α or σ to (1 : 0 : 0). Then there are three subsets
of SL(3) which maximize Ξmax(g ·x). If g1 takes σ to (1 : 0 : 0) and the line σα to {z = 0} then the equation
for g1 ·C factors as three linear terms, one of which is z, and none of which are supported on the monomial
x, so Ξmax(g1 · C) = {y2z}. If g2 takes α to (1 : 0 : 0) and the line σα to {z = 0} then smoothness and the
tangent direction at (1 : 0 : 0) imply Ξmax(g2 · C) = {x2z}. If g3 takes α to (1 : 0 : 0) and the line through
the other non-singular marked points to {z = 0} then Ξmax(g3 · C) = {x2y}.

We abbreviate
∑

pi=σ wi as wσ,
∑

pj=α wj as wα, and
∑

pk ̸=σ,α wk as wβ . Then the maximal values of

µL(g · x, λr) are
• µL(g1 · x, λr) = wσ + rwα + (−1− r)(wβ)− γ(−1 + r), which is maximized in r by

F1 = µL(g1 · x, λ−1
2
) = wσ − 1

2
wβ − 1

2
wα +

3

2
γ and F2 = µL(g1 · x, λ1) = wσ + wα − 2wβ .

• µL(g2 · x, λr) = wα + rwσ + (−1− r)wβ − γ(1− r), which is maximized in r by

F3 = µL(g2 · x, λ−1
2
) = wα − 1

2
wβ − 1

2
wσ − 3

2
γ and F4 = µL(g2 · x, λ1) = wσ + wα − 2wβ .

• µL(g3 · x, λr) = wα + rwβ + (−1− r)wσ − γ(2 + r), which is maximized in r by

F5 = µL(g3 · x, λ−1
2
) = wα − 1

2
wβ − 1

2
wσ − 3

2
γ and F6 = µL(g3 · x, λ1) = wα + wβ − 2wσ − 3γ.

We solve max{Fi} = 0 for (γ,w1, . . . , wn). Notice that F6 = −2F1, so they both must be zero. This gives
the wall wγ = 1

2 (wα + wβ) − 3
2γ. Evaluating the remaining inequalities at this wall gives the condition

wα ≤ 2γ + wσ.
□

5. Proof of the Main Theorems

We now prove Theorem 5.1 by combining the Lemmas from section 4.

Theorem 5.1. For degree d = 3, there are four types of inner walls of the SL(3)−ample cone, described
below. The walls are segments of hyperplanes defined in Table 1. If the hyperplane segment intersects the
interior of the SL(3)−ample cone then it is a GIT wall and all inner GIT walls are of this form.

(i) For each nonempty, proper subset I ⊂ [n] there is a hyperplane segment W (3A1, I) associated to the
union of three non-concurrent lines C(3A1) with points pi, i ∈ I supported at a node.

(ii) For each proper subset I ⊂ [n] there is a hyperplane segment W (A2, I) associated to the cuspidal
curve C(A2) with points pi, i ∈ I supported at the cusp.

(iii) For each ordered pair of disjoint subsets I, J ⊂ [n] there is a hyperplane segment W (A3, I, J) associ-
ated to the union of a conic with a tangent line C(A3) with points pi, i ∈ I supported at the tacnode,
and pj , j ∈ J supported at the unique linear component of the curve.

(iv) For each subset I ⊂ [n] with |I| ≤ n − 3 there is a hyperplane segment W (D4, I) associated to the
cone over three points C(D4) with points pi, i ∈ I supported at the singularity.

Proof. Since the Hilbert-Mumford function is continuous, stability only changes at line bundles for which
there exist strictly semi-stable marked curves. Due to Lemma 4.1, the GIT walls are the locus of equivalence
classes of line bundles L in NSSL(3)(Cn,d)Q for which there exists a marked curve with positive-dimensional
SL(3) stabilizer which is L strictly semi-stable. If (C, p1, . . . , pn) has positive-dimensional stabilizer, then
the curve C must also have positive dimensional stabilizer. If C is a cubic plane curve, then by Lemma
2.15 there are only five such curves, up to projective equivalence. Suppose x := (C, p1, . . . , pn) is a marked
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cubic with positive dimensional stabilizer and L is an ample line bundle in NS(Cn,3) at which x is strictly
semi-stable.

(i) If C is three non-concurrent lines then by Lemma 2.19 the marked points lie either on some nodal
singular point η of C or on the opposite line Λ. Let I be a nonempty, proper subset of {1, . . . , n}.
If the points pi coincide with η for i ∈ I and pj are distinct nonsingular points of Λ for j /∈ I
then Lemma 4.2 implies that (C, p1, . . . , pn) is strictly semi-stable on the wall

∑
i∈I wi =

1
2

∑
j /∈I wj

bounded by wm ≤ 1
2

∑
j /∈I wj + γ for each m /∈ I. Conversely, Lemma 4.2 implies that any strictly

semi-stable marked curve (C, p1, . . . , pn) with positive-dimensional stabilizer, where C is three non-
concurrent lines, must lie on a wall of this form. We remark that if the cardinality of I is empty or
all of {1, . . . n} then the stability conditions of Lemma 4.2 cannot be satisfied.

(ii) If C is a cuspidal cubic then by Lemma 2.16 the marked points coincide either with the cusp of
C or the unique smooth flex point. Let I be a subset of {1, . . . , n}. If the points pi coincide
with the cusp for i ∈ I and the points pj coincide with the smooth flex point then Lemma 4.4
implies (C, p1, . . . , pn) is strictly semi-stable on the wall

∑
i∈I wi = 4

5

∑
j /∈I wj − 3

5γ bounded by∑
i∈I wi ≤ 1

2

∑
j /∈I wj . Conversely, Lemma 4.4 implies that any strictly semi-stable marked curve

(C, p1, . . . , pn) with positive-dimensional stabilizer, where C is a cuspidal cubic, must lie on a wall
of this form.

(iii) If C is the union of a conic and a tangent line then by Lemma 2.18 there exists a line Λ tangent
to the conic such that the marked points either coincide with the singular point of C, or lie on
Λ ∩ C. Let I and J be disjoint subsets of {1, . . . , n}. If the points pi coincide at the tacnode for
i ∈ I and pj coincide at a smooth point of the linear component of C for j ∈ J then Lemma 4.5
implies that (C, p1, . . . , pn) is strictly semi-stable on the wall

∑
i∈I wi =

4
5

∑
j /∈I wj − 3

5γ, bounded

by
∑

i∈I wi ≤ 1
2

∑
j /∈I wj . Conversely, Lemma 4.5 implies that any strictly semi-stable marked curve

(C, p1, . . . , pn) with positive-dimensional stabilizer, where C is a conic and a tangent line, must lie
on a wall of this form.

(iv) If C is the cone over three points then by Lemma 2.20 there exists a line Λ such that the marked
points are either at the singularity of C or on the line Λ. Let I be a subset of {1, . . . , n} and let
A1⊔A2⊔A3 be a partition of the complement of I. If the points pi coincide at the D4 singularity for
i ∈ I, and the points pj lie on one of the first, second, or third linear components of C for j ∈ A1, A2,
and A3, respectively, then Lemma 4.6 implies that (C, p1, . . . , pn) is strictly semi-stable on the wall∑

i∈I wi =
1
2

∑
j /∈I wj − 3

2γ bounded by
∑

j∈Ak
wj ≤

∑
i∈I wi + 2γ. Note that this wall may stretch

beyond this bound given by one particular partition A1, A2, A3. As long as there exists some partition
A1 ⊔ A2 ⊔ A3 = {1, . . . , n} \ I, such that L satisfies

∑
i∈I wi =

1
2

∑
j /∈I wj − 3

2γ and
∑

j∈Ak
wj ≤∑

i∈I wi+2γ, then we can find a marked curve that is L strictly semi-stable. Conversely, Lemma 4.6
implies that any strictly semi-stable marked curve (C, p1, . . . , pn) with positive-dimensional stabilizer,
where C is the cone over three points, must lie on a wall of this form.

(v) If C is the union of a conic and a transverse line then Lemma 2.17 shows that the marked point
must both be nodal points of C, but Lemma 4.3 shows that such a marked curve will be unstable
for all L.

□

We now prove Theorem 5.2.

Theorem 5.2. Let S(T, I,+) and S(T, I,−) be the generic marked curves that change stability when the
wall W (T, I) is crossed, as described in the introduction. Then the wall crossing behavior is described as
follow:

(i) Case of plane cubics with a nodal singularity
• S(3A1, I,−) is an irreducible nodal curve with marked points pi coinciding at the A1 singularity
for i ∈ I and the remaining marked points in general position.

• S(3A1, I,+) is the union of a conic and a transverse line, with marked points pj lying in general
position on the linear component for j /∈ I.

(ii) Case of plane curves with a cuspidal singualrity
• S(A2, I,−) is an irreducible cuspidal cubic curve with marked points pi coinciding at the A2

singularity for i ∈ I.
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• S(A2, I,+) is a smooth cubic curve with marked points pj coinciding at an inflection point for
j /∈ I.

(iii) Case of plane cubic with a tacnode
• S(A3, I, J,−) is the union of a conic with a tangent line with marked points pi coinciding at the
A3 singularity for i ∈ I and pj lying on the tangent line for j ∈ J .

• S(A3, I, J,+) is a smooth cubic curve C with marked points pk coinciding for k /∈ I ∪ J and
marked points pj coinciding at the transversal intersection of C with the line tangent to C at
pk for j ∈ J .

(iv) Case of a plane cubic with a D4 singularity
• S(D4, I,−) is three concurrent lines with marked points pi coinciding at the D4 singularity for
i ∈ I and the points indexed by B1, B2, and B3 lying on the three lines, respectively.

• S(D4, I,+) is a smooth cubic curve with the points indexed by B1 coinciding at a point q1, the
points indexed by B2 coinciding at a different point q2, and the points indexed by B3 coinciding
at a third point on the line q1q2.

See Figure 2 for an illustration of the walls.

Proof. Each wall in Theorem 5.1 was found by computing the maximal values of µL(g · x, λr) for some
marked curve x with positive-dimensional stabilizer. In each case (Lemmas 4.2 - 4.6) there are some linear
automorphisms, g+ and g−, and normalized one-parameter subgroups, λ+ and λ−, such that µL(g− ·x, λ−) is
a negative multiple of µL(g+ ·x, λ+). Furthermore, there may be multiple ga and λA for which µL(ga ·x, λA)
is a positive multiple of µL(g+ ·x, λ+) and multiple gb and λB for which µL(gb ·x, λB) is a positive multiple of
µL(g− · x, λ−). These are the linear automorphisms and one-parameter subgroups which make µL(g · x, λr)
zero at the wall associated to x. All of the other maximal values of µL(g · x, λr) are negative on the interior
of the wall and therefore negative at the adjacent line bundles L(±). Any marked curve y for which the set

Ξmax(y) is equal to Ξmax(ga · x) or Ξmax(gb · x) will have µL(y, λA) = 0, or µL(y, λB) = 0 respectively, at
the associated wall.

For each x as above we find the generic marked curve having maximal support equal to Ξmax(ga · x) for
at least one of the ga and the generic marked curve having the maximal support Ξmax(gb ·x) for at least one
of the gb. That is, we find a marked curve y such that

(1) there exists an h ∈ SL(3) such that Ξmax(h · y) = Ξmax(ga · x) for some ga,
(2) there does not exist any h ∈ SL(3) such that Ξmax(h · y) = Ξmax(gb · x) for any gb,
(3) and for all h′ ∈ SL(3) there exists a g′ ∈ SL(3) such that Ξmax(h

′ · y) ≤ Ξmax(g
′ · x).

This implies y is unstable on the side of the wall where µL(ga ·x, λA) is positive and stable on the side where
it is negative. Likewise, we find a marked curve y′ that has the same properties with respect to Ξmax(gb ·x).

In Lemma 4.2 we found the wall corresponding to the marked cubic x = (C, p1, . . . , pn) with three A1 sin-
gularities and positive-dimensional stabilizer. In that Lemma we found four subsets of SL(3), corresponding
to matrices g1, g2, g4, and g6 for which µL(g1 · x, λ−1

2
) is a positive multiple µL(g2 · x, λ−1

2
) and a negative

multiple of µL(g4 · x, λ1) and µL(g6 · x, λ1). These are the numerical functions whose vanishing defines the
wall W (A3, I). The maximal support Ξmax(g1 · x) is a tuple of sets with components Ξmax(g1 ·C) = {xyz},
Ξmin(g1 · pi) = {x} for i ∈ I, Ξmin(g1 · pj) = {y} for pj at the node η′, and Ξmin(g1 · pk) = {z} for
the remaining points. The maximal support Ξmax(g2 · x) contains components Ξmax(g2 · C) = {xy2},
Ξmin(g2 · pi) = {x} for i ∈ I, Ξmin(g2 · pj) = {y} for pj the smooth point of Λ at which the most weight is
concentrated, and Ξmin(g2 · pk) = {z} for the remaining points. The maximal support Ξmax(g4 ·x) contains
components Ξmax(g4 · C) = {xyz}, Ξmin(g4 · pj) = {x} for pj at the node η′, Ξmin(g4 · pk) = {y} for the
remaining points on Λ, and Ξmin(g4 · pi) = {z} for i ∈ I. Finally the maximal support Ξmax(g6 ·x) contains
components Ξmax(g6 · C) = {x2z}, Ξmin(g6 · pj) = {x} for pj the smooth point of Λ at which the most
weight is concentrated, Ξmin(g6 · pk) = {y} for the remaining points on Λ, and Ξmin(g6 · pi) = {z} for i ∈ I.
Any marked curve having maximal support equal to Ξmax(g1 ·x) or Ξmax(g2 ·x) will therefore have a nodal
singularity coinciding with the points pi for i ∈ I. On the other hand, any marked curve having maximal
support equal to Ξmax(g4 · x) or Ξmax(g6 · x) will contain a linear component which is incident with the
points pj for j /∈ I. Therefore the generic marked curves satisfying the conditions in the above paragraph
are an irreducible nodal cubic with marked points pi at the node for i ∈ I and the union of a smooth conic
and a transverse line with smooth marked points and pj on the linear component for j /∈ I.

The remaining wall crossing behaviors of Theorem 5.2 are found similarly.
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□

6. Applications to other Moduli Spaces

6.1. Cubics with two points and cubic surfaces. We now specialize to the case of curves of degree
d = 3 with n = 2 marked points. In Corollary 6.3 we find a GIT chamber containing a line bundle L such
that Css

2,3 //L SL(3) maps into the moduli space of cubic surfaces.
In the case of n = 2 points and arbitrary degree d the SL(3)−ample cone is the cone over a pentagon

(Corollary 6.1). Since GIT stability remains invariant under taking tensor powers of a line bundle, we assume
γ = 1 to obtain a hyperplane section of the SL(3)−ample cone, called the linearization polytope ∆(C2,d). In
this section we use pi and pj to refer to the points p1 and p2 with the understanding that i ̸= j.

Corollary 6.1. The linearization polytope ∆(C2,d) is the pentagon in the hyperplane {γ = 1} ⊂ NSSL(3)(C2,d)Q
given by the inequalities

{(1, w1, w2) ∈ NSSL(3)(C2,d)Q
∣∣ wi ≤ wj + d− 2, w1 + w2 ≤ d, wi ≥ 0}.

Proof. We apply Theorem 3.2 to the case of n = 2 points and normalize with the hyperplane γ = 1. This
gives the inequalities

(A) wi ≤ 1
2wj + d− 3

2
(B) wi ≤ wj + d− 2
(C) wi + wj ≤ d
(D) and wi ≥ 0.

However, the first inequality is redundant: Adding (B) and (C) gives 2wi+wj ≤ wj +2d−2. This simplifies
to wi ≤ d− 1. Adding (B) to this inequality gives 2wi ≤ wj + 2d− 3, which implies (A).

□

We apply Theorem 5.1 to the case of curves of degree 3 with 2 points and γ = 1. We list all the walls
that lie in the interior of ∆(C2,3).

Corollary 6.2. The wall crossing behavior for a marked cubic curve (C, p1, p2) with respect to a line bundle
with parameters (γ,w1, w2) are listed in the following table. Recall that Table 1 describes the GIT walls as
hyperplane segments which intersect the SL(3)−ample cone. The first two columns in the table below lists
these walls for the case of n = 2, d = 3 with notation as in Table 1. The third column describes the marked
cubics that become unstable when the left-hand side of the equation in column 2 exceeds the right-hand side.
The fourth column described the marked cubics that become unstable when the right-hand side is larger.

Inner Walls Equation Unstable when LHS > RHS Unstable when LHS < RHS
W (3A1, {i}) wi =

1
2wj pi lies at an A1 singularity. pj lies on a linear component of

C.
W (A2, ∅) 0 = 4(w1 + w2)− 3 C contains an A2 singularity. p1 = p2 coincide at an inflection

point of C.
W (A2, {i}) wi =

4
5wj − 3

5 pi lies at an A2 singularity. pj lies at an inflection point.
W (A3, ∅, ∅) 0 = w1 + w2 − 1 C contains an A3 singularity. p1 = p2.
W (A3, ∅, {i}) 0 = wj − 1 pj lies on a linear component of

C which is tangent to a conic
component.

pj lies on the line which is tan-
gent to C at pi.

Proof. We evaluate the wall crossings of Theorem 5.1 in the case of 2 points and γ = 1. We only list the walls,
corresponding to subsets I, J ⊂ {1, 2}, which lie in the interior of the linearization polytope. For instance, if
C has a D4 singularity and p1 and p2 are nonsingular points of C then (C, p1, p2) is only semi-stable at the
wall W (D4, ∅) given by w1 +w2 = 3. But this is an outer wall, forming a facet of the pentagon ∆(C2,3). □

Corollary 6.3. There exists an isomorphism

ϕlab : Css
2,3 //L SL(3) →M

(1,3)lab
pairs

(
3

2
− ϵ

)
∼= P(1, 2, 2, 3)

where L is a line bundle corresponding to a vector w in the GIT chamber {w1 > 1, w2 > 1, w1 + w2 < 3} ⊂
∆(C2,3).
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Proof of Corollary 6.3. First we construct a morphism ψ : Css
2,3(L) → P(Γ(P2,O(3))) × P(Γ(P2,O(1))) by

associating to a marked cubic (C, p1, p2) the degree 3 pair (C, p1p2). This can be done explicitly: if p1 =
(x1 : y1 : z1) and p2 = (x2 : y2 : z2) then the line p1p2 is given by the equation {(x2z1 − x1z2)(z1y − y1z) =
(y2z1 − y1z2)(z1x − x1z)}. Suppose (C, p1, p2) is L (semi-)stable. Since w1 and w2 are greater than 1, the
stability condition associated to the walls W (A3, ∅, {i}) imply that neither point pi can lie on a line that is
tangent to curve at the other point pj . We also know from the wall-crossing behavior associated to the walls
W (3A1, {i}) and W (A2, {i}) that neither of the points pi may coincide with a singularity of C. Therefore,
the L semi-stability of (C, p1, p2) implies that C is a cubic curve only containing singularities of type Ak

with k ∈ {1, 2, 3} and that the line p1p2 always intersects C transversely at three distinct, smooth points.
Recalling Laza’s GIT analysis (Theorem 3.2 in [Laz06]), this implies that the degree 3 pair (C, p1p2) is

3
2 − ϵ

semi-stable.
Since the image of ψ is contained in

(
P(Γ(P2,O(3))) × P(Γ(P2,O(1)))

)ss
( 32 − ϵ), we can restrict to this

codomain and then compose with the quotient map to get a morphism ψ′ : Css
2,3(L) → M1,3

pairs(
3
2 − ϵ). This

map ψ′ is clearly SL(3) invariant: if (C, p1, p2) = g · (D, q1, q2) then (C, p1p2) = g · (D, p1, p2), so their image
under ψ′ is the same orbit. Then, by the universal property of π : Css

2,3(L) → Css
2,3 //L SL(3) as a quotient,

there is a morphism ϕ : Css
2,3 //L SL(3) →M1,3

pairs(
3
2 − ϵ) such that ψ′ factors as ϕ ◦ π.

The above map is 6:1 because for a generic degree 3 pair (C,L) there are 3 · 2 choices of ordered pairs of
points in the set C ∩ L that map to (C,L). However, we recall from Laza’s construction (Lemma 3.13 in
[Laz06]) that we can label the 3 points of intersection in C ∩ L to obtain an isomorphism from the moduli

space M
(1,3)lab
pairs ( 32 − ϵ) ∼= P(1, 2, 2, 3) of degree 3 pairs with labeled intersections to the moduli space of cubic

surfaces with a marked Eckardt point.

We lift ϕ to ϕlab : Css
2,3 //L SL(3) →M

(1,3)lab
pairs ( 32 − ϵ) by ordering the three intersections in ϕ((C, p1, p2)) as

(p1, p2, q) where q is the third intersection of C with p1p2. We observe that ϕlab is a birational morphism,

bijective on closed points. Its target is the weighted projective space M
(1,3)lab
pairs ( 32 − ϵ) ∼= P(1, 2, 2, 3), which is

normal. A form of Zariski’s Main Theorem (Corollary 12.88 in [GW20]) then implies ϕlab is an isomorphism.
□
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